In these lecture notes I discuss an algebraic model of baryons and pentaquarks in which the permutation symmetry among the quarks is taken into account exactly. In particular, a stringlike collective model is considered in which the radial excitations of baryons and pentaquarks are interpreted as rotations and vibrations of the strings. The algebraic structure of the model makes it possible to derive closed expressions for physical observables, such as masses and electromagnetic and strong couplings. The model is applied to the mass spectrum and magnetic moments of baryon resonances of the nucleon and delta families and to exotic baryons of the Θ family. The ground state pentaquark is predicted to have angular momentum and parity J P = 1/2 − and a small magnetic moment of 0.382 µN .
Introduction
The structure of the nucleon is of fundamental importance in nuclear and particle physics. The first indication that the nucleon is not a point particle but has an internal structure came from the measurement of the anomalous magnetic moment of the proton in the 1930's [1] , which was determined to be 2.5 times as large as one would expect for a spin 1/2 Dirac particle (the actual value is 2.793). The finite size of the proton was measured in the 1950's in electron scattering experiments at SLAC to be ∼ 0.8 fm [2] (compared to the current value of 0.895 fm). The first evidence for point-like constituents (quarks) inside the proton was found in deep-inelastic-scattering experiments in the late 1960's by the MIT-SLAC collaboration [3] which eventually, together with many other developments, would lead to the formulation of QCD in the 1970's as the theory of strongly interacting particles. The complex structure of the proton manifested itself once again in recent polarization transfer experiments [4] which showed that the ratio of electric and magnetic form factors of the proton exhibits a dramatically different behavior as a function of the momentum transfer as compared to the generally accepted picture of form factor scaling obtained from the Rosenbluth separation method [5] .
The building blocks of atomic nuclei, the nucleons, are composite extended objects. High precision data on the properties of the nucleon and its excited states, collectively known as baryons, have been accumulated over the past years at Jefferson Laboratory, MIT-Bates, LEGS at BNL, MAMI in Mainz, ELSA in Bonn, GRAAL in Grenoble and LEPS in Osaka [6] . To first approximation, the internal structure of the nucleon at low energy can be ascribed to three bound constituent quarks q 3 . The baryons are accommodated into flavor singlets, octets and decuplets [7] . Each flavor multiplet consists of families of baryons characterized by their isospin and strangeness. The strangeness of the known baryons is either zero (nucleon, ∆) or negative (Λ, Σ, Ξ and Ω). Baryons with quantum numbers that cannot be obtained from triplets of quarks are called exotic.
Until recently, there was no experimental evidence for the existence of such exotic baryons. The discovery of the Θ(1540) baryon with positive strangeness S = +1 by the LEPS Collaboration [8] as the first example of an exotic baryon, and the subsequent confirmation by various other experimental collaborations has sparked an enormous amount of experimental and theoretical studies of exotic baryons [9, 10] . The width of this state is observed to be very small < 20 MeV (or perhaps as small as a few MeV's). There have also been reports in which the pentaquark signal is attributed to kinematical reflections from the decay of mesons [11] , or in which no evidence has been found for such states [9] . In addition, evidence has been reported for an exotic baryon Ξ −− (1862) with strangeness S = −2 [12] and for a heavy pentaquark Θ c (3099) [13] . The latter two have not been confirmed by other experimental collaborations.
In these lecture notes, I discuss some properties of baryon resonances and pentaquarks in a stringlike collective model in which the baryons (three-quark or pentaquark) are interpreted as rotations and vibrations of the strings. First, in Section 2 some general aspects of multiquark states are discussed which are applied to three-quark baryons in Section 3 and to pentaquarks in Section 4. A summary and conclusions are presented in Section 5. Some technical details concerning the spin and flavor wave functions are discussed in the appendices.
Multiquark states
Multiquark states depend both on the internal degrees of freedom of color, flavor and spin and the spatial degrees of freedom. The classification of the states will be studied from symmetry principles without introducing an explicit dynamical model. The construction of the classification scheme is guided by two conditions: the total multiquark wave function should be a color singlet and should be antisymmetric under any permutation of the quarks.
The internal degrees of freedom are taken to be the three light flavors u, d, s with spin S = 1/2 and three possible colors r, g, b. The internal algebraic structure of the constituent parts consists of the usual spin-flavor (sf) and color (c) algebras
where the SU c (3) algebra decribes the (unitary) transformations among the three different colors. The spin-flavor algebra can be decomposed into
where the SU f (3) algebra decribes the transformations among the three different flavors and SU s (2) among the two spin states of the quarks. The flavor algebra in turn can be decomposed into
where I denotes the isospin and Y the hypercharge of the quarks. The states of a given flavor multiplet can be labeled by isospin I, I 3 and hypercharge Y . The electric charge is given by the Gell-Mann-Nishijima relation
where B denotes the baryon number and S the strangeness. The quantum numbers of the three light quarks and antiquarks are given in Table 1 . The quarks have baryon number B = 1/3 and spin and parity S P = 1/2 + whereas the antiquarks have B = −1/3 and S P = 1/2 − . I shall make use of the Young tableau technique [14] to construct the allowed representations of SU (n) for the multiquark system with n = 2, 3 and 6 for the spin, flavor (or color) and spin-flavor degrees of freedom, respectively. The fundamental representation of SU (n) is denoted by a box. The Young tableaux of SU (n) are labeled by a string of n numbers [f 1 , f 2 , . . . , f n ] with f 1 ≥ f 2 ≥ . . . ≥ f n where f i denotes 
the number of boxes in the i-th row. The labels which are zero are usually not written explicitly. The quarks transform as the fundamental representation [1] under SU (n), whereas the antiquarks transform as the conjugate representation [1 n−1 ] under SU (n) [15, 16] . As a consequence, the three quarks belong to the flavor triplet [1] of SU f (3) and the three antiquarks to the antitriplet [11] . The spin of the quarks and the antiquarks is determined by the representation [
The spin-flavor classification of a single quark and antiquark is given by
The spin-flavor states of multiquark systems can be obtained by taking the outer product of the representations of the quarks and/or antiquarks [17, 18] . The requirement that physical states be color singlets, makes the quarks cluster into three-quark triplets (baryons), quark-antiquark pairs (qq mesons) or products thereof. In general, the multiquark configurations can be expressed as
which reduces tobaryons for m = 1 and n = 0 and tomesons for m = 0 and n = 1. In these lecture notes, I consider q 3 baryons and q 4q pentaquarks (m = n = 1). The latter were first considered in the late 70's [19, 20, 21] .
q Baryons
The nucleon is not an elementary particle, but it is generally viewed as a confined system of three constituent quarks interacting via gluon exchange. Effective models of the nucleon and its excited states (or baryon resonances) are based on three constituent parts that carry the internal degrees of freedom of spin, flavor and color, but differ in their treatment of radial (or orbital) excitations. In this section I discuss the well-known example ofbaryons. Baryons are considered to be built of three constituent quarks which are characterized by both internal and spatial degrees of freedom.
Internal degrees of freedom
The allowed spin, flavor and spin-flavor states are obtained by standard group theoretic techniques [14, 15, 16] . For example, the total spin of the three-quark system is obtained by coupling the three 1/2 spins to give S = 3/2 and S = 1/2 (twice). In general, the spin, flavor and spin-flavor states of the three-quark system are obtained by taking the product
where each of the boxes on the left-hand side denotes a quark.
An important ingredient in the construction of baryon wave function is the permutation symmetry between the quarks. If some of the constituent parts are identical one must construct states and operators that transform according to the representations of the permutation group (either S 3 for three identical parts or S 2 for two identical parts). Here I discuss states that have good permutation symmetry among the three quarks S 3 . These states form a complete basis which can be used for any calculation of baryon properties. The permutation symmetry of the three-quark system is characterized by the S 3 Young tableaux [3] (symmetric), [21] (mixed symmetric) and [111] (antisymmetric) or, equivalently, by the irreducible representations of the point group D 3 (which is isomorphic to S 3 ) as A 1 , E and A 2 , respectively. For notational purposes the latter is used to label the discrete symmetry of the baryon wave functions. The corresponding dimensions are 1, 2 and 1. 
Spatial degrees of freedom
The relative motion of the three constituent parts can be described in terms of Jacobi coordinates, ρ and λ, which in the case of three identical objects are
where r 1 , r 2 and r 3 denote the end points of the string configuration in Figure 3 . The method of bosonic quantization [22] consists in introducing a dipole boson b † i with L P = 1 − for each independent relative coordinate and its conjugate momentum, and adding an auxiliary scalar boson s † with L P = 0
The scalar boson does not represent an independent degree of freedom, but is added under the restriction that the total number of bosonŝ
is conserved. This procedure leads to a compact spectrum generating algebra for the radial (or orbital) excitations λ , transform as the two components E ρ and E λ of the mixed symmetry representation E. The choice of the Jacobi coordinates in Eq. (9) is consistent with the conventions used for the spin and flavor wave functions used in the appendices. The eigenvalues and corresponding eigenvectors can be obtained exactly by diagonalization in an appropriate basis. The radial wave functions have, by construction, good angular momentum L, parity P , and permutation symmetry t = A 1 , E, A 2 . Moreover, the total number of bosons N is conserved.
The mass operator depends both on the spatial and the internal degrees of freedom. Whereas in nonrelativistic problems the spectrum is obtained by expanding the Hamiltonian in terms of the generators of the algebra G orb , in algebraic models of hadrons one uses the mass-squared operator [22] . In this section I discuss the contribution from the spatial part. The most general form of the radial part of the mass operator, that preserves angular momentum, parity and the total number of bosons, transforms as a scalar under the permutation group and is at most two-body in the boson operators, can be written aŝ
Here the dots indicate scalar products and the crosses tensor products with respect to the rotation group. The eigenvalues and corresponding eigenvectors of the mass-squared operator of Eq. (13) can be obtained exactly by numerical diagonalization. The wave functions obtained in this way have by construction good angular momentum, parity and permutation symmetry. The procedure to determine the permutation symmetry of a given wave function is described in [22] . The mass-squared operator of Eq. (13) contains several models of baryon structure which arise for special choices of the coefficients. In the next sections two special solutions are discussed: the harmonic oscillator quark model and a stringlike collective model.
Harmonic oscillator quark model
Harmonic oscillator quark models correspond to the choice v 0 = 0, i.e. no coupling between different harmonic oscillator shells. The one-body terms of the S 3 invariant mass operator of Eq. (13) correspond to a harmonic oscillatorM
whereas the two-body interactions give rise to anharmonic contributions. The nonrelativistic harmonic oscillator quark model [23] is a model of this type, although it is written for the massM rather than for M 2 . The equality of the frequencies of the ρ and λ oscillators is a consequence of the S 3 permutation symmetry. The mass spectrum is that of a six-dimensional harmonic oscillator
where n ρ + n λ = n is the number of oscillator quanta. The model space consists of the oscillator shells with n = 0, 1, . . . , N . The mass spectrum for the harmonic oscillator is shown in Fig. 4 for N = 2 bosons. The levels are grouped into oscillator shells characterized by n. The ground state has n = 0 and L P t = 0 + A1 . The onephonon multiplet n = 1 has two degenerate states with L P = 1 − which belong to the two-dimensional representation E, and the two-phonon multiplet n = 2 consists of the states L 
Stringlike collective model
In the stringlike collective model the baryons are interpreted as rotational and vibrational excitations of the string configuration of Fig. 3 . The three constituent parts move in a correlated way. For three Figure 5 : Vibrations of the string-like configuration of Fig. 3 identical constituents the vibrations are described by [22] 
The parameters ξ 1 and ξ 2 in Eq. (16) are linear combinations of those in Eq. (13) . In particular, since now v 0 = −ξ 1 R 2 = 0, the corresponding eigenfunctions are collective in the sense that they are spread over many different oscillator shells.
Although the mass spectrum and corresponding eigenfunctions ofM 2 can be obtained numerically by diagonalization, approximate solutions exist in the limit of a large model space (N → ∞) which can be used to gain insight into its physical content. In the large N limit the mass operator of Eq. (16) reduces to leading order in N to a harmonic form, and its eigenvalues are given by [22] 
with
The vibrational mass operator of Eq. (16) has a very simple physical interpretation. Its spectrum has three fundamental vibrations (see Figure 5 ). The v 1 -vibration is the symmetric stretching vibration along the direction of the strings (breathing mode), while the v 2a -and the v 2b -vibrations denote bending vibrations. The latter two are degenerate in the case of three identical objects. QCD-based arguments suggest that while the string is soft towards stretching, it is hard towards bending and thus one expects the v 2 -vibration to lie higher than the v 1 -vibration. The spectrum consists of a series of vibrational excitations characterized by the labels (
) and a tower of rotational excitations built on top of each vibration. The rotational states for each type of vibration are those of an oblate symmetric top. The occurrence of linear Regge trajectories suggests, that one should add a term linear in L to the mass operator A schematic spectrum of the stringlike collective model is presented in Fig. 6 . A comparison with the mass spectrum of Fig. 4 shows that whereas for the harmonic oscillator the excited L π = 0 + states belong to the two-phonon (n = 2) multiplet, in the stringlike model they correspond to one-phonon vibrational excitations and are the bandheads of these fundamental vibrations.
Wave functions
The full algebraic structure is obtained by combining the spatial part G orb of Eq. (12) with the internal spin-flavor-color part G sfc of Eq. (1)
The baryon wave function is obtained by combining the spin-flavor part with the color and orbital parts in such a way that the total wave function is a color-singlet, and that the three quarks satisfy the Pauli principle, i.e. are antisymmetric under any permutation of the three quarks. Since the color-singlet part of the baryon wave function is antisymmetric (t = A 2 , see Table 2 ), the orbital-spin-flavor part has to be symmetric (t = A 1 )
which means that the permutation symmetry of the spatial wave function is the same as that of the spin-flavor part (see Table 4 )
with t = A 1 , E, A 2 . The square brackets [· · ·] denote the tensor coupling under the point group D 3 . In the more conventional notation, the total baryon wave function is expressed as
where L, S and J are the orbital angular momentum, the spin and the total angular momentum J = L+ S.
As an example, the wave function of the nucleon is given by 
and that of the ∆ resonance by
Mass spectrum
The mass spectrum of the baryon resonances is characterized by the lowlying N(1440) resonance with J P = 1/2 + (the socalled Roper resonance), whose mass is smaller than that of the first excited negative parity resonances, and the occurrence of linear Regge trajectories. The Roper resonance has the same quantum numbers as the nucleon of Eq. (24), but is associated with the first excited L P t = 0 + A1 state. In the harmonic oscillator the first excited L P t = 0 + A1 state belongs to the n = 2 positive parity multiplet which lies above the first excited negative parity state with n = 1 (see Fig. 4 ), whereas the data show the opposite. In the stringlike collective model, the Roper resonance is a vibrational excitation whose mass is independent of that of the negative parity states which are interpreted as rotational excitations. 2 [24] . Such a behavior is also expected on basis of soft QCD strings in which the strings elongate as they rotate [25] . The splitting of the rotational states in the harmonic oscillator is hard to reconcile with linear Regge trajectories.
In the stringlike collective model it is straightforward to reproduce the relative mass of the Roper resonance and the occurrence of linear Regge trajectories. The experimental mass spectrum of baryon resonances is analyzed in terms of the mass formula
where the orbital part is taken from Eq. (19) and the spin-flavor part is expressed in a Gürsey-Radicati form [26] , i.e. in terms of Casimir invariants of the spin-flavor group SU sf (6) and its subgroups [22]
The explicit expressions of the eigenvalues of the Casimir operators of the spin-flavor and flavor groups can be found in [22] . The coefficient M Table 5 .
The stringlike collective model provides a good overall description of both positive and negative baryon resonances. Table 6 shows the results for the nucleon and ∆ families. There is no need for an additional energy shift for the positive parity states and another one for the negative parity states, as in the relativized quark model [27] . In addition to the resonances presented in the table, there are many more states calculated than have been observed so far, especially in the nucleon sector. The lowest socalled 'missing' resonances correspond mostly to the unnatural parity states with L P = 1 + , 2 − , which are decoupled both in electromagnetic and strong decays, and hence difficult to observe.
Magnetic moments
The magnetic moment of a multiquark system is given by the sum of the magnetic moments of its constituent parts
where µ i = e i /2m i , e i and m i represent the magnetic moment, the electric charge and the mass of the i-th constituent.
The orbital-spin-flavor wave function of the ground state baryons is given by
The spin-flavor part can be expressed in terms of the flavor φ and spin χ wave function as
for the decuplet baryons and
for the octet baryons. Since the orbital wave function of the ground state baryons has L P t = 0 + A1 (see Table 6 ), the magnetic moment only depends on the spin part. The magnetic moments of the ∆ ++ and the proton can be derived using the explicit expressions of the corresponding flavor and spin wave functions given in the appendices
Similarly, the magnetic moment of the neutron can be derived as
In the limit of isospin symmetry m u = m d , one recovers the well-known relation for the magnetic moment ratio [29] 
which is very close to the experimental value −0.685. The magnetic moments of all ground state octet and decuplet baryons are given in Table 7 . The quark magnetic moments µ u , µ d and µ s are determined from the proton, neutron and Λ magnetic moments to be µ u = 1.852 µ N , µ d = −0.972 µ N and µ s = −0.613 µ N [28] . The corresponding constituent quark masses are m u = 0.338 GeV, m d = 0.322 GeV, m s = 0.510 GeV. Table 7 shows that the quark model results are in good agreement with the available experimental data.
The magnetic moments of decuplet pentaquarks satisfy generalized Coleman-Glashow sum rules [30, 31] 
and
The same sum rules hold for the chiral quark-soliton model in the chiral limit [32] . In the limit of equal quark masses m u = m d = m s = m, the magnetic moments of the decuplet pentaquark states become proportional to their electric charges [29] 
which means that the sum of the magnetic moments of all members of the decuplet vanishes identically The discovery of the Θ(1540) baryon with positive strangeness S = +1 by the LEPS Collaboration [8] has sparked an enormous amount of experimental and theoretical studies of exotic baryons. The NA49 Collaboration [12] reported evidence for the existence of another exotic baryon Ξ −− (1862) with strangeness S = −2. The Θ + and Ξ −− resonances have been interpreted as q 4q pentaquarks belonging to a flavor antidecuplet with quark structure uudds and ddssū, respectively. In addition, there is also evidence [13] for a heavy pentaquark Θ c (3099) in which the antistrange quark in the Θ + is replaced by an anticharm quark. The experimental status of the pentaquark is still unclear [9] . Theoretical interpretations range from chiral soliton models [33] which provided the motivation for the experimental searches, QCD sum rules [34] , large N c QCD [35] , lattice QCD [36] and correlated quark (or cluster) models [37] to constituent quark models [38, 39] . A review of the theoretical literature on pentaquark models can be found in [10] .
In the second part of these lecture notes, I will study the properties of pentaquark states in a simple algebraic model, in particular the mass spectrum of Θ pentaquarks and the spin, parity and magnetic moment of the ground state pentaquark. As for all multiquark systems, the pentaquark wave function contains contributions connected to the spatial degrees of freedom and the internal degrees of freedom of color, flavor and spin. The classification of the states will be studied using symmetry principles which do not depend on an explicit dynamical model.
Internal degrees of freedom
The internal degrees of freedom of the q 4q pentaquarks are the same as those for the q 3 baryons: spin, flavor and color. Just as in the previous section I shall make use of the Young tableau technique to construct the allowed SU sf (6) representations for the pentaquark q 4q system. The pentaquark wave function should be a color singlet, and should be antisymmetric under any permutation of the four quarks. The permutation symmetry of the four-quark subsystem is characterized by the S 4 Young tableaux [4] , [31] , [22] , [211] and [1111] or, equivalently, by the irreducible representations of the tetrahedral group T d (which is isomorphic to S 4 ) as A 1 , F 2 , E, F 1 and A 2 , respectively. For notational purposes the latter is used to label the discrete symmetry of the pentaquark wave functions. The corresponding dimensions are 1, 3, 2, 3 and 1. The allowed spin, flavor and spin-flavor states are obtained by standard group theoretic techniques (see Table 8 ) [14, 15, 16] .
In flavor space, the pentaquark states are organized into singlets, octets, decuplets, antidecuplets, 27-plets and 35-plets. It is difficult to distinguish the pentaquark flavor singlets, octets and decuplets from the three-quark flavor multiplets, since they have the same values of the hypercharge Y and isospin I, I 3 . The same observation holds for the majority of the states in the remaining flavor states. However, the antidecuplets, the 27-plets and 35-plets contain in addition exotic states with quantum numbers which cannot be obtained from three-quark configurations. These states are more easily identified ex- 
Spatial degrees of freedom
The relevant degrees of freedom for the relative motion of the constituent parts are provided by the Jacobi coordinates which are chosen as [40] 
where r i (i = 1, .., 4) denote the coordinate of the i-th quark, and r 5 that of the antiquark. The last Jacobi coordinate is symmetric under the interchange of the quark coordinates, and hence transforms as
, whereas the first three transform as three components of F 2 [40] . For the treatment of the spatial degrees of freedom, the same method is adopted as for three-quark baryons: for each independent relative coordinate (and its conjugate momentum) one introduces a dipole boson b † i with L P = 1 − to which one adds an auxiliary scalar boson s † with L P = 0
The scalar boson is added under the restriction that the total number of bosonŝ
is conserved. This procedure leads to a compact spectrum generating algebra for the radial (or orbital) excitations (38) is consistent with the conventions used for the spin and flavor wave functions in the appendices. The eigenvalues and corresponding eigenvectors can be obtained exactly by diagonalizing the spatial part of the mass operator in an appropriate basis. The radial wave functions have, by construction, good angular momentum L, parity P , and permutation symmetry t = A 1 , F 2 , E, F 1 or A 2 . Moreover, the total number of bosons N is conserved.
The treatment of the orbital part depends on the choice of a specific dynamical model (harmonic oscillator, Skyrme, soliton, stringlike, hypercentral, ...). Here I consider a simple model in which the orbital motion of the pentaquark is limited to excitations up to N = 1 quantum. The model space consists of five states: a ground state with L P = 0 + and A 1 symmetry for the four quarks, and four excited states with L P = 1 − , three of which correspond to excitations in the relative coordinates of the four-quark subsystem and the fourth to an excitation in the relative coordinate between the four-quark subsystem and the antiquark. As a consequence of the permutation symmetry of the four quarks, the first three excitations form a degenerate triplet with three-fold F 2 symmetry, and the fourth has A 1 symmetry. In summary, the states in this simple model for the orbital motion are characterized by angular momentum L, parity P and T d symmetry t: L 
Harmonic oscillator quark model
The mass operator for the harmonic oscillator quark model for q 4q pentaquark configurations that preserves the permutation symmetry among the four quarks is given bŷ
The first term comes from the three degenerate three-dimensional harmonic oscillators to describe the relative motion of the four quarks, and the second one from the three-dimensional harmonic oscillator for the relative motion of the antiquark with respect to the four-quark system. The energy eigenvalues are
where n 1ρ + n 1λ + n 1η = n 1 and n 2ζ = n 2 denote the number of oscillator quanta. The model space consists of the oscillator shells with n 1 + n 2 = 0, 1, . . . , N . The mass spectrum for the harmonic oscillator is shown in Fig. 9 for N = 1 boson. The (n 1 , n 2 ) = (0, 0) ground state has L P = 0 + and A 1 symmetry for the four quarks. Since the orbital excitations are described by four relative coordinates, there are four excited L P = 1 − states, three of which correspond to an excitation in the relative coordinates of the four quarks (n 1 , n 2 ) = (1, 0), and the fourth to an excitation in the relative coordinate of the four-quark system and the antiquark (0, 1). As a consequence of the discrete symmetry of the four quarks, the first three excitations form a degenerate triplet with three-fold F 2 symmetry, and the fourth has A 1 symmetry.
Stringlike collective model
In this section I discuss a stringlike model for pentaquarks as a generalization of a stringlike model discussed in the previous section for q 3 baryons [22] . In this approach, the radial excitations of the pentaquark are interpreted as rotations and vibrations of the string configuration of Fig. 10 . As a consequence of the invariance of the interations under the permutation symmetry of the four quarks, the most favorable geometric configuration is an equilateral tetrahedron in which the four quarks are located at the four corners and the antiquark at its center [41] . This configuration was also considered in [42] in which arguments based on the flux-tube model were used to suggest a nonplanar structure for the Θ(1540) pentaquark to explain its narrow width. In the flux-tube model, the strong color field between a pair of a quark and an antiquark forms a flux tube which confines them. For the pentaquark there would be four such flux tubes connecting the quarks with the antiquark.
The vibrational spectrum of the stringlike q 4q configuration with tetrahedral symmetry is characterized by four normal modes Exotic spin-flavor configuration
where v 1 refers to the symmetric stretching vibration (breathing mode), and v 2a +v 2b = v 2 and v 4a +v 4b + v 4c = v 4 to bending modes of the four-quark configuration, whereas v 3a + v 3b + v 3c = v 3 correspond to the relative vibration of the antiquark with respect to the four-quark system [43] . The radial excitations of the stringlike configuration of Fig. 10 consists of a series of vibrational excitations labeled by (v 1 , v 2 , v 3 , v 4 ) and a tower of rotational excitations built on top of each vibration. For the simple case that is being considered here (model space with N = 1), the wave functions in the stringlike model coincide with those of the harmonic oscillator quark model.
Wave functions
The pentaquark wave function is obtained by combining the spin-flavor part with the color and orbital parts in such a way that the total wave function is a color-singlet, and that the four quarks satisfy the Pauli principle, i.e. are antisymmetric under any permutation of the four quarks. Since the color part of the pentaquark wave function is a [222] singlet and that of the antiquark a [11] anti-triplet, the color wave function of the four-quark configuration is a [211] triplet which has F 1 symmetry under T d . The total q 4 wave function is antisymmetric (A 2 ), hence the orbital-spin-flavor part has to have F 2 symmetry
Here the square brackets [· · ·] denote the tensor coupling under the tetrahedral group T d . In Table 9 , I present the allowed spin-flavor multiplets with exotic pentaquarks for some lowlying orbital excitations. The exotic spin-flavor states associated with the state L 
A radial excitation with L 
with t = A 1 , F 2 , E and F 1 .
Mass spectrum of Θ pentaquarks
The classification scheme of pentaquark states discussed in the previous sections is based only on the fact that quarks (and antiquarks) have orbital, color, spin and flavor degrees of freedom. a complete basis. The precise ordering of the pentaquark states in the mass spectrum depends on the choice of a specific dynamical model (Skyrme, CQM, Goldstone boson exchange, instanton, hypercentral, stringlike, ...). Since the available experimental information for pentaquark states is still being discussed and carefully (re)examined, I adopt a stringlike model in which the mass spectrum of Θ pentaquarks is described by the same mass formula as used for q 3 baryons in the previous section (see Eq. (26))
The orbital (or radial) excitations are given by
where M 2 vib describes the vibrational spectrum of a tetrahedral q 4 q configuration (see Eq. (44)). The rotational energies are given by a term linear in the orbital angular momentum L which is responsable for the linear Regge trajectories in baryon and meson spectra. The spin-flavor part is expressed in the Gürsey-Radicati form of Eq. (27) . The coefficients α, a, b, c, d, e and f are taken from the previous study of baryon resonances, and the constant M belongs to a vibration between the four-quark system and the antiquark with (v 1 , v 2 , v 3 , v 4 ) = (0, 0, 1, 0). The results for the lowest Θ pentaquarks (with strangeness S = +1) are shown in Fig. 11 .
The lowest pentaquark belongs to the flavor antidecuplet ( 2S+1 10) with spin S = 1/2 and isospin I = 0. In the present calculation, the ground state pentaquark belongs to the [42111] spin-flavor multiplet with F 2 symmetry, indicated in Fig. 11 by its dimension 1134, and an orbital excitation 0 + with A 1 symmetry.
Therefore, the ground state has angular momentum and parity J P = 1/2 − . The first excited state at 1599 MeV is an isospin triplet Θ 1 -state of the 27-plet ( 2S+1 27) with the same value of angular momentum and parity J P = 1/2 − . The lowest pentaquark state with positive parity occurs at 1668 MeV and belongs to the [51111] spin-flavor multiplet (dimension 700) and an orbital excitation 1 − with F 2 symmetry. In the absence of a spin-orbit coupling, in this case there is a doublet with angular momentum and parity J P = 1/2 + , 3/2 + .
Magnetic moments
Although it may be difficult to determine the value of the magnetic moment experimentally, it is an essential ingredient in calculations of the photo-and electroproduction cross sections [44, 45, 46] . Here I discuss the magnetic moment of negative parity antidecuplet states that are associated with the ground state L P t = 0 + A1 . They belong to the [42111] spin-flavor multiplet with F 2 symmetry. The corresponding pentaquark wave function with angular momentum J is given by Eqs. (45) and (46) 
The spin-flavor part can be expressed as a product of the antidecuplet flavor wave function φ E and the S = 1/2 spin wave function χ F2
The coefficients in Eqs. (50) and (51) are a consequence of the tensor couplings under the tetrahedral group T d (Clebsch-Gordon coefficients). The total angular momentum is J = 1/2. Since the orbital wave function has L P t = 0 + A1 , the magnetic moment only depends on the spin part. The magnetic moment of the Θ + pentaquark can be obtained using the explicit form of the flavor φ and spin χ wave functions given in the appendices [47] 
In a similar way, the magnetic moments of the other exotic states of the antidecuplet, Ξ + 3/2 and Ξ −− 3/2 , are given by [47] 
These results are independent of the orbital wave functions, and are valid for any quark model in which the eigenstates have good SU sf (6) spin-flavor symmetry. The values are in agreement with the results obtained in [48] for the MIT bag model [21] . In Table 10 , I present the magnetic moments of the antidecuplet pentaquarks for angular momentum and parity J P = 1/2 − together with their numerical values obtained using the same values of the quark magnetic moments as in the discussion of the q 3 baryons. The magnetic moments of the J P = 1/2 − pentaquarks are typically an order of magnitude smaller than the proton magnetic moment. In Table 11 a comparison is presented with other theoretical predictions for negative parity pentaquarks. 
0.502 Finally, the magnetic moments of antidecuplet pentaquarks satisfy the generalized Coleman-Glashow sum rules [30, 31] 
The same sum rules hold for the chiral quark-soliton model in the chiral limit [53] . In the limit of equal quark masses m u = m d = m s = m, the magnetic moments of the antidecuplet pentaquark states (denoted by i ∈ 10) become proportional to the electric charges
compared to µ i = (e/2m)Q i of Eq. (37) for the decuplet baryons. Just as for the baryon decuplet, in this limit the sum of the magnetic moments of all members of the antidecuplet vanishes identically i µ i = 0.
Summary and conclusions
In these lecture notes, I reviewed some properties of baryons and pentaquarks in a stringlike collective model. The permutation symmetry among the quarks leads to definite geometric configurations: a nonlinear configuration for q 3 baryons in which the three constituent quarks are located at the corners of an equilateral triangle (oblate top), and a nonplanar configuration for q 4q pentaquarks in which the four quarks are located at the corners of an equilateral tetrahedron and the antiquark at its center. In this model, the radial excitations of the baryons and pentaquarks are interpreted as rotations and vibrations of the strings.
The algebraic structure of the model makes it possible to derive closed expressions for physical observables, such as masses and electromagnetic and strong couplings. An application to baryon resonances of the nucleon and delta families shows a good overall agreement with the available experimental data. An extension of the stringlike model to exotic baryons of the Θ family shows that the ground state pentaquark belongs to a flavor antidecuplet, has angular momentum and parity J P = 1/2 − and, in comparison with the proton, has a small magnetic moment. The width is expected to be narrow due to a large suppression in the spatial overlap between the pentaquark and its decay products [42] .
The first report of the discovery of the pentaquark has triggered an enormous amount of experimental and theoretical studies of the properties of exotic baryons. Nevertheless, there still exist many doubts and questions about the existence of this state since, in addition to various confirmations, there is an equal amount of experiments in which no signal has been observed. Hence, it is of the utmost importance to understand the origin between these apparently contradictory results, and to have irrefutable proof for or against the existence of pentaquarks. If confirmed, the measurement of the quantum numbers of the Θ(1540) and the excited pentaquark states, especially the angular momentum and parity, may help to distinguish between different models and to gain more insight into the relevant degrees of freedom and the underlying dynamics that determines the properties of exotic baryons. If not confirmed, remains the question whether pentaquarks exist or not, perhaps at a different mass. Theoretically, there is no reason why they should not exist. However, it is difficult to predict the mass in a model-independent way.
The flavor wave functions of the decuplet baryons (with A 1 symmetry) can be determined from the ∆ ++ φ A1 (∆ ++ ) = |uuu ,
and those of the octet baryons (with E symmetry) from the proton wave function
Just as for the baryons, the flavor wave functions of the antidecuplet pentaquarks can be obtained by applying ladder operators in flavor space to the Θ + wave function (with E symmetry under T d )
φ Eρ (Θ + ) = − 1 2 |duud − |udud + |uddu − |dudu s ,
B Spin wave functions
The spin of q 3 baryons can be either S = 3/2 or S = 1/2 (twice) with A 1 or E symmetry under D 3 , respectively. The corresponding wave functions are given by
for S = M S = 3/2 and
for S = M S = 1/2. Note that the spin wave functions are related to the flavor wave functins of Eqs. (57) and (58) by interchanging u by ↑ and d by ↓. The spin states with M S = S are obtained by applying the lowering operator in spin space. The spin of q 4q pentaquarks can be either S = 5/2, S = 3/2 (four times) or S = 1/2 (five times) (see Table 8 ). The spin wave functions of antidecuplet pentaquarks of Eqs. (50) and (51) have S = 1/2 and F 2 symmetry under the tetrahedral group. They arise as a combination of the spin wave function for the four-quark system with S = 1 and F 2 symmetry and that of the antiquark with S = 1/2
with α = ρ, λ, η. The ↑ and ↓ represent the spin of the antiquark. The spin wave functions of the four-quark system are given by 
The states with projection M S = 0 can be obtained by applying the lowering operator in spin space.
